Introduction

195
particles has also been observed in different regions of space, viz., cometary tails (Mendis and Horanyi (1991); Horanyi (1996) ), upper mesosphere (Havnes et al .
(1996b)), Jupiter's magnetosphere (Horanyi et al . (1993); Horanyi (1996) 
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Chapter 7. Higher order nonlinear effects on wave structures in a four-component dusty plasma with nonisothermal electrons It has been established that electron/ion distributions play crucial role in characterizing the physics of the nonlinear waves. However, in most of the earlier investigations quoted above, the particles were assumed to follow Maxwellian distribution. Such distribution is applicable to the system in thermodynamic equilibrium. But astrophysical systems and space plasmas are observed to have particle distributions that deviate from the Maxwellian distribution due to quasisteady state. Such state may arise due to a number of physical mechanisms such as external force field present in natural space plasma environment, wave-particle interaction, turbulence, etc. Three mostly used non-Maxwellian distributions in recent times are nonthermal, nonisothermal and kappa distributions. We here consider the electrons that may not follow a Maxwellian distribution due to the formation of phase space holes caused by trapping of electrons in a wave potential. Particle trapping occurs not only in space plasmas (Schamel (1973); Schamel (1986) ), but also in laboratory plasmas (Saeki et al . (1979) ; Guio et al . (2003) ). Moreover, the plasmas excited by an electron beam evolve towards coherent particle state rather than developing into a turbulent as confirmed by experimental study (Lynov et al . (1980) ). It may be pointed out that trapping can occur and contribute even for small amplitude (Gill et al . (2003) ). A number of earlier investigations (Schamel (1972); Schamel (1973); Schamel (1986) ) as well as the recent ones (Mamun et al . (1996a) ; Mamun (1998a); Gill et al . The KdV or mKdV model equations describe the small amplitude DASWs and include lowest order nonlinearity and dispersion effects. These evolution equations are associated with quadratic and cubic types of nonlinearities. However, for a particle described by the vortex-like distribution, the nonlinearity is of (1+1/2) type and resulting equation is Schamel-mKdV equation (Esfandyari-Kalejahi et al . (2008) ). As the wave amplitude increases, the width and velocity of a soliton deviate from the one predicted by KdV or mKdV model. In such cases, more accurate results can be obtained by inclusion of higher order nonlinear and dispersive effects. For this purpose, the higher order approximation of RPM has been considered as a powerful tool (Ichikawa et al . (1977) ; Kodama and Taniuti (1978) (2010c) ). But, to our knowledge, no study with higher order nonlinear effects on DASWs has been done in a plasma consisting of ions, both positively and negatively charged dust grains and nonisothermal electrons. It is, thus, of natural and of present interest to investigate the higher order nonlinear effects on DASWs in four component plasmas with trapped electron distribution.
In this chapter, we have studied higher order solutions of dust-acoustic wave (DAW) in dusty plasma consisting of positively charged warm adiabatic dust, neg-
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Chapter 7. Higher order nonlinear effects on wave structures in a four-component dusty plasma with nonisothermal electrons atively charged cold dust and nonisothermally distributed electrons. A modified Korteweg-de Vries (mKdV) equation with (1 + 1/2) nonlinearity, also known as Schamel-mKdV model, is derived using reductive perturbation method (RPM).
RPM is further extended to include the contributions of higher order terms and a generalized KdV equation is derived to observe the deviation from isothermality.
Effects of nonisothermal parameter, mass and charge ratio, ratio of ion to electron temperatures and ratio of dust to ion temperatures have been thoroughly studied.
By using the renormalization method (Kodama and Taniuti (1978) ), we have also discussed characteristics of the dressed solitons.
Model Equations
We consider a weakly coupled unmagnetized four component dusty plasma consisting of positively charged warm adiabatic dust, negatively charged cold dust, nonisothermal electrons and Maxwellian ions. As the positively charged dust particles are of smaller size as compared to that of large sized negatively charged dust particles, so the motion of negatively charged dust particles is very slow and hence their temperature can be neglected. Thus, the positively charged dust particles can be considered as adiabatically charged dust particles with finite dust temperature. We assume that dust-acoustic solitary waves propagate in such plasma system. The following set of normalized fluid equations (continuity and momentum equations) are considered.
For negative dust:
and
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For positive dust:
The system of equations is closed with the Poisson's equation written as
where
and for k = 1
Here N 1 (N 2 ) is the negative (positive) dust number density normalized by its equilibrium value n 10 (n 20 ). U 1 (U 2 ) is the negative (positive) dust fluid speed normalized by C 1 = [
P 2 is the thermal pressure of positive dust fluid normalized by its equilibrium value (2002)). If the
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Chapter 7. Higher order nonlinear effects on wave structures in a four-component dusty plasma with nonisothermal electrons phase velocity of the fast dust-acoustic mode was a few order higher than that of slow dust-acoustic mode, then the dust charge fluctuations may play crucial role.
However, in the present investigation, the fast dust-acoustic mode is not even one order higher than that of slow dust-acoustic mode, so the charge fluctuations may be neglected.
Derivation of mKdV Equation
The vortex like electron distribution (Schamel (1971); Schamel (1973) ; Holloway and Dorning (1991)) has been employed to trace the influence of nonisothermal electrons on the characterization of DASWs in four component dusty plasma.
f ef (f et ) represents the free (trapped) electron distribution function. The velocity v is normalized to the electron thermal velocity C s andβ 1 = T ef /T et (the ratio of the free electron temperature (T ef ) to trapped electron temperature (T et )).
The parameterβ 1 determines the number of trapped electrons. The velocity of nonlinear DASW s is small in comparison with the electron thermal velocity.
represents a vortex-like excavated trapped electron distribution.
The integration of the electron distribution functions equation (7.7) over the velocity space yields the electron number density (Schamel (1971); Holloway and Dorning (1991); Schamel (1997); Schamel (2000)):
. Derivation of mKdV Equation
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n e = I(ψ) + 2
Here erf is complementary error function of the argument.
On the basis of the Schamel model for nonisothermal electrons (Schamel (1971);
Holloway and Dorning (1991); Schamel (1997); Schamel (2000)), we assume that the electron density (same for bothβ 1 ≥ 0 andβ 1 < 0) is given by
Now we use the reductive perturbation method to derive the Schamel mKdV equation using stretching coordinates as ξ = ǫ 1/4 (x − λt) and τ = ǫ 3/4 t, where ǫ is a small parameter measuring the weakness of dispersion and λ is the phase speed (normalized by C 1 ) of the DA waves. The variables N 1 , U 1 , N 2 , U 2 , P 2 and ψ in a power series of ǫ are expanded as
Now expressing equations (7.1-7.6) in terms of ξ and τ , and substituting above expansions into resulting equations, one can easily develop different sets of equations in various powers of ǫ. To the lowest order in ǫ,
λ 2 (7.12)
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σ α λ 2 (7.14)
After elimination of first order quantities, the Poisson's equation (7.6) yields the following dispersion relation
Equation (7.15) given value of α ′ 1 for both modes. However, the magnitude of phase velocity for slow mode for a given value of σ is smaller than that of the fast mode.
To the next order in ǫ, we find a system of equations in the second order perturbed quantities. Solving this system of equations using equations (7.12-7.15), we obtain the Schamel-KdV equation
∂ξ 3 = 0 (7.16) (where ν is a constant speed normalized by C 1 ), and imposing the appropriate boundary conditions (viz. ψ (1) → 0,
∂η 2 → 0 at η → ±∞), one can express the stationary solitary wave solution of equation (7.16) as (for σ = 0.5) for a given value ofβ 1 shown in figure 7.2(a). We also observe that peak amplitude ψ 0 increases with increase inβ 1 for a given α 
Deviation from Isothermality
The existence of both positive and negative potential structures has been reported in various investigations. A critical limit for the ratio of negative to positive dust concentration is determined, above (below) this limit, rarefactive (compressive) solitons exist. To consider this aspect as how situation changes, we have derived the generalized KdV equation to investigate the effect of small deviation from isothermality of electrons on dust-acoustic solitary waves. Using stretching coordinates as ξ = ǫ 1/2 (x − λt) and τ = ǫ 3/2 t in equations (7.1-7.6) and adopting the approach of Tagare and Chakrabarti (1974), we obtain the following generalized KdV equation: Q is given in the Appendix-E. The stationary soliton like solutions of generalized KdV equation (7.18) is determined subject to appropriate boundary conditions, 
Stationary Solutions with Higher Order Nonlinearity
To the next order in ǫ, we obtain the following equation
The source term S(ψ (1) ) is given as:
whereĒ =ĀB 2C and the coefficientsC andD occuring in equation (7.22) are mentioned in the Appendix-E. The basic set of equations (7.1-7.6) is reduced to a nonlinear mKdV equation (7.16) in terms of ψ (1) and a linear inhomogeneous differential equation (7.21) in terms of ψ (2) , for which the source term of equation (7.21) is described by a known function ψ (1) . Using the renormalization method of Kodama and Taniuti (1978) , the modified forms of equations (7.16) and (7.21)
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whereψ (1) andψ (2) refer to renormalization variables.
To find the stationary solutions of equations (7.23) and (7.24), a new variable η is considered as 
Equations (7.26) and (7.27) are ordinary differential equations and are easily integrable with the following boundary conditions:
Using boundary conditions forψ (1) andψ (2) (equation 7.28), one time integration of equations (7.26) and (7.27) yields the following second order derivative equations:
Equation (7.17) provides one soliton solution of equation (7.29), replacing ψ (1) bỹ
Then, the source term of equation (7.24) becomes
In order to eliminate the secular terms in S(ψ (1) ), we have to put the last term in the right hand side of equation (7.31) 
where α 1 and α 2 are given in Appendix-E. For solving the inhomogeneous equation (7.33), we define a new independent variablē µ = tanh(ηw −1 ) (7.34)
Using this transformation (7.34), equation (7.33) becomes
where 
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with α 3 and α 4 are given in the Appendix-E. Equation (7.35) has two independent solutions in terms of associated Legendre polynomials given as
By using the method of variation of parameters, particular solution of equation (7.35) can be written asψ
The functions φ 1 (μ) and φ 2 (μ) are given by
After rigorous calculations, we find
and φ 2 (μ) = −1 384
where the constants of integration have been put equal to zero because of the boundary conditions. On substituting equations (7.40) and (7.41) into equation (7.38), we obtain the particular solution in terms of old variables as The first term of equation (7.43) is the secular one which can be eliminated by renormalizing the amplitude. Also, c 2 = 0, as a result of vanishing boundary conditions forψ (2) (η) for | η |→ ∞. In terms of the variable η, the stationary solution for the potential of dust-acoustic wave is given bỹ It is emphasized that the following condition must be satisfied, (7.45) underlying the principle rule of RP M (Washimi and Taniuti (1966) In figures (7.7)−(7.9), the profiles of mKdV soliton, i.e., the first-order and second-order solitons have been displayed under diverse situations. In these figures,ψ In figure 7.9(a), for the slow mode, we have seen that amplitude of solitary waves, for a particular set of parameters gets modified due to higher order nonlinearity effects. Moreover, it is evident that in figure 7.9(a), the amplitude of second-order soliton decreases for increase in the value of σ (0.5 to 0.8) and 
